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Abstract
We show that two inverse limits of inverse sequences of closed in-
tervals and quasi Markov bonding functions are homeomorphic, if the
inverse sequences follow the same pattern. This significantly improves
Holte’s result about when two inverse limits of inverse sequences with
Markov interval maps as bonding functions are homeomorphic.
Our result improves Holte’s result in several directions: (1) it gen-
eralizes finite Markov partitions to Markov pairs of sets that may even
be uncountable, (2) it generalizes Markov interval maps I → I to quasi
Markov functions I → J (so the domains and the codomains of the
bonding functions are not necessarily the same interval), (3) we no
longer require the bonding functions to be surjective, and (4) we no
longer require the bonding functions to be continuous.
1 Introduction
The Markov partition of a closed interval I = [x, y] with respect to a function
f : I → I is usually given by the points x = x0 < x1 < . . . < xn = y in I
such that all the restrictions f |[xi−1,xi] of f to [xi−1, xi] are homeomorphisms
from [xi−1, xi] onto some interval [xk, xℓ]. Since a Markov partition is usually
given by a finite collection of points A = {x0, x1, . . . , xn} ⊆ I we usually
refer to A as a Markov partition. If a continuous function f has a Markov
partition A, then we say that f is a Markov interval map with respect to A.
For a dynamical system (I, f), where I is a closed interval and f : I → I
a continuous function, a Markov partition of I with respect to f (if it exists)
is a well-known tool in the dynamical system theory that allows the methods
of symbolical dynamics to be used to study the dynamical system (I, f).
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For more information about Markov partitions in dynamical systems and
symbolical dynamics, see [2, 6].
In [4], Holte introduced when two given Markov interval maps follow the
same pattern (f with respect to A = {a0, a1, . . . , am} and g with respect to
B = {b0, b1, . . . , bm} follow the same pattern (with respect to A and B), if
f(aj) = ak if and only if g(bj) = bk for all j and k) and proved the following:
Theorem 1. Let I and J be closed intervals. If
1. {fn}
∞
n=1 is a sequence of surjective maps I → I that are all Markov
interval maps with respect to A ⊆ I, which is a Markov partition for
each fn,
2. {gn}
∞
n=1 is a sequence of surjective maps J → J that are all Markov
interval maps with respect to B ⊆ J , which is a Markov partition for
each gn, and
3. for each n, fn and gn are Markov interval maps that follow the same
pattern,
then lim←−{I, fn}
∞
n=1 is homeomorphic to lim←−{J, gn}
∞
n=1.
As a main result of this paper, we prove Theorem 11 which generalizes
Theorem 1. Holte’s proof of Theorem 1 requires all the bonding functions
to be surjective and continuous. Our new method to prove Theorem 11
shows (among other things) that continuity as well as surjectivity of bonding
functions are not really required.
Note also, that if {In, fn}∞n=1 is an inverse sequence of intervals with
Markov interval maps, then Ik = Iℓ for any positive integers k and ℓ. There-
fore the domains and codomains of all bonding functions fn have to be
equal. In this paper we eliminate this restriction by generalizing the no-
tion of Markov partitions A ⊆ I for a function I → I to the notion of
Markov pairs (A,B) ⊆ I × J for a function I → J in such a way that any
Markov partition A will produce a Markov pair (A,A). With this notion
we introduce quasi Markov functions which are a generalization of Markov
interval maps.
Hence, we generalize Holte’s result (Theorem 1) in the following direc-
tions:
1. by generalizing finite Markov partitions A ⊆ I to Markov pairs (A,B),
where A and B are any totally disconnected closed subsets of I and J ,
respectively,
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2. by generalizing Markov interval maps I → I to quasi Markov maps
I → J (so the domains and the codomains of the bonding functions
are not necessarily the same interval),
3. by omitting the condition that all the bonding functions are surjective,
and
4. by omitting the condition that all the bonding functions are continuous.
As a main tool to prove our main result (Theorem 11), we use functions
I → 2J instead of continuous functions I → J . Hence, our result generalizes
the Holte’s result also in another direction by
(5) generalizing Markov interval maps I → I to quasi Markov functions
I → 2J .
Some generalizations of the Holte’s result have already been introduced,
for examples see [1] (where Markov interval maps I → I were replaced by
so called generalized Markov functions I → 2I) and [3] (where finite Markov
partitions A ⊆ I were replaced by countable closed sets A in I which only
have finitely many limit points; then Markov interval maps I → I were
replaced by so called countably Markov interval functions I → 2I).
2 Definitions and notation
In present paper we always deal with nondegenerate closed intervals [x, y] ⊆
R, i.e. x < y. A subspace A of a closed interval is totally disconnected, if it
is not connected and each component of A is a singleton.
A function f : I → J from an interval to an interval is strictly increasing
(strictly decreasing), if for any s, t ∈ I, from s < t (s > t) it follows f(s) <
f(t) (f(s) > f(t)). We say that f is strictly monotone, if it is either strictly
increasing or strictly decreasing.
We always denote the left-hand limit of f : I → J at a point a ∈ I by
lim
t→a−
f(t) and the right-hand limit of f at a point a ∈ I by lim
t→a+
f(t).
In present paper we deal with inverse sequences of closed intervals and
functions, i.e. double sequences {In, fn}∞n=1 of closed intervals In and (not
necessarily continuous) functions fn : In+1 → In. The inverse limit of an
inverse sequence {In, fn}∞n=1 is defined to be the subspace of
∏
∞
n=1 In of all
points x = (x1, x2, x3, . . .) ∈
∏
∞
n=1 In, such that xn = fn(xn+1) for each n.
The inverse limit is denoted by lim←−{In, fn}
∞
n=1. Note that since the bonding
functions may not be continuous, it may happen that lim←−{In, fn}
∞
n=1 is empty
(such an inverse limit is presented in Example 15).
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If I is a closed interval then 2I denotes the family of all nonempty closed
subsets of I.
Our results also include functions F : I → 2J , where I and J are two
closed intervals. The graph of such a function F is defined to be the subset
of I × J defined by
Γ(F ) = {(x, y) | y ∈ F (x), x ∈ I}.
Note that the graph of F is not defined in the usual sense as the subset
{(x, Y ) | Y = F (x), x ∈ I} of I × 2J . Such a function F is upper semi-
continuous if the graph of F is a closed subset of I × J , see [5, Theorem
1.2].
If F : I → 2J is a function, where for each t ∈ I, the image F (t) is a
one-point subset of J , then we can identify it with the function f : I → J ,
where F (t) = {f(t)} for any t ∈ I. Conversely, any function f : I → J can
be identified with the function F : I → 2J , defined by F (t) = {f(t)} for any
t ∈ I (note that the graphs of f and F are the same). Obviously, in this
situation, the following are equivalent (since Γ(f) = Γ(F ) is a closed subset
of I × J):
1. F is upper semicontinuous,
2. f is continuous.
In this case we denote the left-hand limit of f : I → J at a point a ∈ I also
by lim
t→a−
F (t) and the right-hand limit of f at a point a ∈ I also by lim
t→a+
F (t).
In our results, we mostly use generalized inverse sequences, i.e. double
sequences {In, Fn}∞n=1, where In is a closed interval and Fn : In+1 → 2
In
is a (not necessarily upper semicontinuous) function for each n. The in-
verse limit of such a generalized inverse sequence {In, Fn}∞n=1 is defined to
be the subspace of
∏
∞
n=1 In of all x = (x1, x2, x3, . . .) ∈
∏
∞
n=1 In, such that
xn ∈ Fn(xn+1) for each n. Also in this case, the inverse limit is denoted
by lim←−{In, Fn}
∞
n=1. Note that also in this situation, since the bonding func-
tions may not be upper semicontinuous, it may happen that lim
←−
{In, Fn}
∞
n=1
is empty.
Inverse limits with upper semicontinuous bonding functions were first
introduced in 2004 by Mahavier and later by Ingram and Mahavier. Since
their introduction many authors have been interested in this area and many
papers appeared (for more details and other references see [5]).
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3 Markov pairs and quasi Markov functions
In this section we introduce the concepts of Markov pairs and quasi Markov
functions, prove some of their properties and give several examples. First
we introduce the concept of Markov pairs which generalizes the well-known
concept of Markov partitions.
Definition 2. Let I1 = [x1, y1] and I2 = [x2, y2] be closed intervals, F : I1 →
2I2 a (not necessarily upper semicontinuous) function, A1 a totally discon-
nected closed subset of I1 such that x1, y1 ∈ A1, and A2 a totally disconnected
closed subset of I2 such that x2, y2 ∈ A2. We say that (A1, A2) is a Markov
pair for F , if
1. for each a ∈ A1, F (a) is a is a closed subset of J2 such that for each
t ∈ F (a), if t ∈ Bd(F (a)), then t ∈ A2,
2. for each component C of I1 \A1, the restriction F |C : C → 2
I2 of F to
C is a strictly monotone continuous function (meaning that F |C(t) is a
singleton {st} for each t ∈ C and that f : C → I2, defined by f(t) = st
for each t ∈ C, is a strictly monotone continuous function),
3. for each component C = (a, b) of I1\A1, a, b ∈ A1, lim
t→a+
F (t), lim
t→b−
F (t) ∈
A2.
As seen before, functions f : I → J can be interpreted as functions
F : I → 2J , F (t) = {f(t)} for each t ∈ I. Therefore, Definition 2 also
includes such functions. Note that in this case, (1) from Definition 2 is
equivalent to f(a) ∈ A2 for each a ∈ A1.
Example 3. Let f : I → I be a Markov interval map with respect to a
Markov partition A. Then, since A is a finite subset of I with at least two
elements, it is a totally disconnected closed subset of I for which obviously all
requirements from Definition 2 are satisfied. Therefore (A,A) is a Markov
pair for f .
Definition 4. Let I1 and I2 be closed intervals, and F : I1 → 2
I2 a (not
necessarily upper semicontinuous) function. We say that F is quasi Markov,
if there is a Markov pair for F .
We say that F is quasi Markov with respect to (A1, A2), if F is quasi
Markov and (A1, A2) is a Markov pair for F .
Again, since functions I → J can be interpreted as functions I → 2J ,
Definition 4 also includes such functions.
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Example 5. Let f : I → I be a Markov interval map with respect to a
Markov partition A. Then f is a quasi Markov function with respect to
(A,A).
Next we introduce when two generalized inverse sequences of quasi Markov
functions follow the same pattern.
Definition 6. Let {In, Fn}
∞
n=1 and {Jn, Gn}
∞
n=1 be generalized inverse se-
quences of closed intervals In and Jn, and quasi Markov functions Fn :
In+1 → 2
In and Gn : Jn+1 → 2
Jn. We say that {In, Fn}
∞
n=1 and {Jn, Gn}
∞
n=1
follow the same pattern with respect to (An)∞n=1 ∈
∏
∞
n=1 2
In and (Bn)∞n=1 ∈∏
∞
n=1 2
Jn, if
1. for each n, (An+1, An) is a Markov pair for Fn and (Bn+1, Bn) is a
Markov pair for Gn,
2. there is a strictly increasing bijection τ 1 : A1 → B1, and
3. for each n, there are strictly increasing bijections ϕn : An+1 → An and
ψn : Bn+1 → Bn such that
(a) for each a ∈ An+1, there is a homeomorphism h : Fn(a) →
Gn(τn+1(a)) such that
h(Bd(Fn(a))) = τn(Bd(Fn(a))) = Bd(Gn(τn+1(s))),
(b) for each component C = (a, b) of In+1 \ An+1, a, b ∈ An+1,
c = lim
t→a+
Fn(t) if and only if τn(c) = lim
t→τn+1(a)+
Gn(t),
and
c = lim
t→b−
Fn(t) if and only if τn(c) = lim
t→τn+1(b)−
Gn(t),
where τn+1 = ψ
−1
n ◦ψ
−1
n−1◦ . . .◦ψ
−1
1 ◦τ 1 ◦ϕ1◦ϕ2 ◦ . . .◦ϕn : An+1 → Bn+1
for each positive integer n, see (1).
A1 A2 A3 . . . An An+1 . . .
ϕ1 ϕ2 ϕ3 ϕn−1 ϕn ϕn+1
B1 B2 B3 . . . Bn Bn+1 . . .
ψ1 ψ2 ψ3 ψn−1 ψn ψn+1
τ 1 τ 2 τ 3 τn τn+1
(1)
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We say that {In, Fn}
∞
n=1 and {Jn, Gn}
∞
n=1 follow the same pattern, if
{In, Fn}
∞
n=1 and {Jn, Gn}
∞
n=1 follow the same pattern with respect to some
(An)
∞
n=1 ∈
∏
∞
n=1 2
In and (Bn)
∞
n=1 ∈
∏
∞
n=1 2
Jn.
Remark 7. Note that from (3a) in Definition 6 it follows that for each
a ∈ An+1 and for each strictly increasing homeomorphism h : In → Jn
such that h(Bd(Fn(a))) = Bd(Gn(τn+1(a))), the restriction h|Fn(a) : Fn(a) →
Gn(τn+1(a)) of h is also a homeomorphism.
Also in this case, Definition 6 includes inverse sequences {In, fn}∞n=1 and
{Jn, gn}
∞
n=1 of closed intervals and quasi Markov functions fn : In+1 → In and
gn : Jn+1 → Jn. Note that in this case, (3a) from Definition 6 is equivalent
to the requirement that for each a ∈ An+1,
fn(a) = t if and only if gn(τn+1(a)) = τn(t),
The following theorem easily follows.
Theorem 8. Suppose that {I, fn}
∞
n=1 and {J, gn}
∞
n=1 are two inverse se-
quences of closed intervals and quasi Markov functions fn : I → I and
gn : J → J . If
1. (A,A) is a Markov pair for fn and (B,B) is a Markov pair for gn for
each positive integer n,
2. there is a strictly increasing bijection τ : A→ B such that
(a) for each a ∈ A,
fn(a) = t if and only if gn(τ (a)) = τ (t),
(b) for each component C = (a, b) of I \ A, a, b ∈ A,
c = lim
t→a+
fn(t) if and only if τ(c) = lim
t→τ(a)+
gn(t),
and
c = lim
t→b−
fn(t) if and only if τ(c) = lim
t→τ(b)−
gn(t),
then {I, fn}
∞
n=1 and {J, gn}
∞
n=1 follow the same pattern with respect to (A)
∞
n=1 ∈∏
∞
n=1 2
I and (B)∞n=1 ∈
∏
∞
n=1 2
J .
Proof. Obviously (1) from Definition 6 holds true. If τ 1 = τ and for each
positive integer n, ϕn = idA and ψn = idB, then (2) and (3) from Definition
6 are also satisfied.
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Example 9. Let f : I → I and g : J → J be Markov interval maps with
respect to Markov partitions A for f and B for g that follow the same pattern
with respect to A and B. Then obviously, (1) from Theorem 8 is satisfied
and there is a unique strictly increasing bijection τ : A → B (since |A| =
|B| < ∞). Then also (2) from Theorem 8 holds true (since f and g follow
the same pattern with respect to A and B).
So, all the conditions from Theorem 8 are satisfied. Therefore, the inverse
sequences {I, f}∞n=1 and {J, g}
∞
n=1 also follow the same pattern with respect
to (A)∞n=1 ∈
∏
∞
n=1 2
I and (B)∞n=1 ∈
∏
∞
n=1 2
J .
4 The main result
In this section we prove Theorem 11 – the main result of the paper. We
will need the following lemma (which generalizes [5, Theorem 4.5.], where
generalized inverse sequences with upper semicontinuous functions are used)
in its proof.
Lemma 10. Let {In, Fn}
∞
n=1 and {Jn, Gn}
∞
n=1 be two generalized inverse se-
quences (with bonding functions that are not necessarily upper semicontin-
uos). If for each positive integer n, there is a homeomorphism hn : In → Jn
such that hn ◦ Fn = Gn ◦ hn+1, then lim←−{In, Fn}
∞
n=1 and lim←−{Jn, Gn}
∞
n=1 are
homeomorphic.
Proof. For any x = (x1, x2, x3, . . .) ∈ lim←−{In, Fn}
∞
n=1 (if such an x exists) we
define
h(x) = (h1(x1), h2(x2), h3(x3), . . .).
Obviously, h : lim
←−
{In, Fn}
∞
n=1 → lim←−
{Jn, Gn}
∞
n=1, since for any positive inte-
ger n, hn ◦Fn = Gn ◦hn+1 and therefore hn(xn) ∈ Gn(hn+1(xn+1)). It follows
that
1. if lim←−{In, Fn}
∞
n=1 6= ∅, then lim←−{Jn, Gn}
∞
n=1 6= ∅, and
2. h : lim←−{In, Fn}
∞
n=1 → lim←−{Jn, Gn}
∞
n=1 is a continuous function (if the
inverse limit lim
←−
{In, Fn}
∞
n=1 6= ∅).
Next, for any y = (y1, y2, y3, . . .) ∈ lim←−{Jn, Gn}
∞
n=1 (if such an y exists) we
define
g(y) = (h−11 (y1), h
−1
2 (y2), h
−1
3 (y3), . . .).
We show that g : lim←−{Jn, Gn}
∞
n=1 → lim←−{In, Fn}
∞
n=1. Since for any positive
integer n, hn ◦Fn = Gn ◦hn+1 holds true, it follows that h−1n ◦Gn = Fn ◦h
−1
n+1.
Therefore h−1n (yn) ∈ Fn(h
−1
n+1(yn+1)). This means that
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1. if lim
←−
{Jn, Gn}
∞
n=1 6= ∅, then lim←−{In, Fn}
∞
n=1 6= ∅, and
2. g : lim←−{Jn, Gn}
∞
n=1 → lim←−{In, Fn}
∞
n=1 is a continuous function (if the
inverse limit lim←−{Jn, Gn}
∞
n=1 6= ∅).
So, if one of the inverse limits is empty, so is the other one and they are
homeomorphic. If one of them is non-empty, then so is the other one. In this
case,
g(h(x)) = (h−11 (h1(x1)), h
−1
2 (h2(x2)), h
−1
3 (h3(x3)), . . .) = x
for each x ∈ lim←−{In, Fn}
∞
n=1 and
h(g(y)) = (h1(h
−1
1 (y1)), h2(h
−1
2 (y2)), h3(h
−1
3 (y3)), . . .) = y
for each y ∈ lim←−{Jn, Gn}
∞
n=1. Therefore h is a homeomorphism.
Theorem 11. Let {In, Fn}
∞
n=1 and {Jn, Gn}
∞
n=1 be two generalized inverse
sequences of closed intervals and quasi Markov functions that follow the
same pattern. Then the inverse limits lim←−{In, Fn}
∞
n=1 and lim←−{Jn, Gn}
∞
n=1
are homeomorphic.
Proof. Without loss of generality suppose that both inverse limits are non-
empty. Since the inverse sequences {In, Fn}∞n=1 and {Jn, Gn}
∞
n=1 follow the
same pattern, there are (An)∞n=1 ∈
∏
∞
n=1 2
In and (Bn)∞n=1 ∈
∏
∞
n=1 2
Jn satisfy-
ing Definition 6.
Let τ 1 : A1 → B1 be a strictly increasing bijection and for each positive
integer n, let ϕn : An+1 → An and ψn : Bn+1 → Bn be strictly increasing
bijections such that (3a)–(3b) from Definition 6 are satisfied.
Next, let h1 : I1 → J1 be any homeomorphism, such that for each a ∈ A1,
h1(a) = τ 1(a). Obviously such a homeomorphism exists: For any component
C of I1 \ A1, it follows that Cl(C) = [a1, a2] for some a1, a2 ∈ A1. Then we
can define h1 on Cl(C) to be the linear function taking a1 to τ 1(a1) and a2 to
τ 1(a2). Since h1 is now defined in such a way that it is a strictly increasing
surjection I1 → J1, it is therefore a homeomorphism.
Suppose that we have already defined homeomorphisms hi : Ii → Ji, i =
1, 2, 3, . . . , n, such that for each a ∈ Ai, hi(a) = τ i(a) for any i = 1, 2, 3, . . . , n,
and hi ◦ Fi = Gi ◦ hi+1 for any i = 1, 2, 3, . . . , n− 1. Then we construct the
homeomorphism hn+1 as follows.
Obviously, τn+1 : An+1 → Bn+1 is also a strictly increasing bijection (it is
a composition of strictly increasing bijections). Next, let hn+1 : In+1 → Jn+1
be the function defined by
hn+1(t) =
{
τn+1(t); t ∈ An+1,
(Gn|(τn+1(a1),τn+1(a2)))
−1(hn(Fn(t))); t ∈ C,
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where C = (a1, a2) is the component of In+1\An+1, a1, a2 ∈ An+1, such that
t ∈ C.
First we prove that hn+1 is surjective. Let t0 ∈ Jn+1. If t0 ∈ Bn+1, then
s0 = τ
−1
n+1(t0) ∈ In+1 is the point such that t0 = τn+1(s0) = hn+1(s0). If t0 6∈
Bn+1, then there is a component D = (b1, b2) of Jn+1 \ Bn+1, b1, b2 ∈ Bn+1,
such that t0 ∈ D. Let a1 = τ−1n+1(b1) and a2 = τ
−1
n+1(b2). Then C = (a1, a2) is
a component of In+1 \An+1 (since τn+1 : An+1 → Bn+1 is a strictly increasing
bijection). Since Fn and Gn are quasi Markov with respect to (An+1, An)
and (Bn+1, Bn), respectively, it follows that the restrictions Fn|C and Gn|D
are continuous and strictly monotone - either both strictly increasing or both
strictly decreasing continuous functions (taking into account (3b) from Def-
inition 6 and the fact that Fn and Gn are quasi Markov). Then h : D → C,
defined by h(t) = (Fn|C)−1(h−1n (Gn|D(t))) for each t ∈ D, is a strictly in-
creasing function. Taking s0 = h(t0), we get that
hn+1(s0) = ((Gn|D)
−1 ◦ hn ◦ Fn ◦ (Fn|C)
−1 ◦ h−1n ◦Gn|D)(t0) = t0
We have proved that hn+1 is surjective. Also, since hn+1 is strictly increasing
on each component C of In+1 \ An+1, it is a strictly increasing function
In+1 → Jn+1. Therefore, hn+1 is defined in such a way that it is a strictly
increasing surjection In+1 → Jn+1 and it is therefore a homeomorphism.
Next we show that hn ◦Fn = Gn ◦hn+1 for each positive integer n, i.e. we
prove that the diagram (2) commutes.
I1 I2 I3 . . . In In+1 . . .
F1 F2 F3 Fn−1 Fn Fn+1
J1 J2 J3 . . . Jn Jn+1 . . .
G1 G2 G3 Gn−1 Gn Gn+1
h1 h2 h3 hn hn+1
(2)
Let n be a positive integer and let t ∈ In+1 be any point. If t ∈ An+1, then
(hn ◦ Fn)(t) = hn(Fn(t)), and (Gn ◦ hn+1)(t) = Gn(hn+1(t)) = Gn(τn+1(t)).
By (3a) of Definition 6, Gn(τn+1(t)) is homeomorphic to Fn(t). Even more,
hn is a strictly increasing homeomorphism such that
hn(Bd(Fn(t))) = τn(Bd(Fn(t))) = Bd(Gn(τn+1(t))).
Therefore, by Remark 7, hn : In → Jn is a homeomorphism taking Fn(t)
onto Gn(τn+1(t)). So, (hn ◦ Fn)(t) = (Gn ◦ hn+1)(t). If t 6∈ An+1, then let C
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be the component of In+1 \ An+1 such that t ∈ C. Then (Gn ◦ hn+1)(t) =
Gn(hn+1(t)) = Gn((Gn|(τn+1(a1),τn+1(a2)))
−1(hn(Fn(t)))) = hn(Fn(t)). We have
proved that hn ◦ Fn = Gn ◦ hn+1.
By Lemma 10, the inverse limits lim
←−
{In, Fn}
∞
n=1 and lim←−{Jn, Gn}
∞
n=1 are
homeomorphic.
The following corollary easily follows.
Corollary 12. Let {In, fn}
∞
n=1 and {Jn, gn}
∞
n=1 be two inverse sequences of
closed intervals and quasi Markov functions fn : In+1 → In and gn : Jn+1 →
Jn that follow the same pattern. Then lim←−{In, fn}
∞
n=1 and lim←−{In, gn}
∞
n=1 are
homeomorphic.
Proof. The functions fn : In+1 → In and gn : Jn+1 → Jn may be interpreted
as functions Fn : In+1 → 2In and Gn : Jn+1 → 2Jn (Fn(t) = {fn(t)} for each
t ∈ In+1 and Gn(t) = {gn(t)} for each t ∈ Jn+1). Therefore, by Theorem 11,
lim
←−
{In, fn}
∞
n=1 and lim←−{In, gn}
∞
n=1 are homeomorphic.
We conclude the paper with the following three illustrative examples. In
Example 13, continuous functions that are not surjective are used as bonding
functions, and in Example 14, functions that are neither surjective nor contin-
uous are used as bonding functions. In both examples, all the inverse limits
are non-empty. In Example 15, the quasi Markov function f : [0, 1] → [0, 1]
is constructed such that lim←−{[0, 1], f}
∞
n=1 is empty.
Example 13. Let f, g : [0, 1]→ [0, 1] be skew-tent functions with top vertices
(a, b) and (c, d), respectively, where a > b > 0, c > d > 0, 0 < 1− a < b and
0 < 1− c < d (i.e. the graph of f is the union of two straight line segments,
one from (0, 0) to (a, b) and the other one from (a, b) to (1, 0), and the graph
of g is the union of two straight line segments, one from (0, 0) to (c, d) and
the other one from (c, d) to (1, 0)), see Figure 1.
Let A = {0, a, b, f(b), f 2(b), f 3(b), . . .} and B = {0, c, d, g(d), g2(d), . . .}.
Both, (fn(b)) and (gn(d)) are strictly decreasing sequences with limn→∞ f
n(b) =
limn→∞ g
n(d) = 0. Therefore A and B are both closed in [0, 1]. Clearly, f
is quasi Markov with respect to (A,A) and g is quasi Markov with respect to
(B,B). It is easily seen that {[0, 1], f}∞n=1 and {[0, 1], g}
∞
n=1 follow the same
pattern with respect to (A)∞n=1 ∈
∏
∞
n=1 2
[0,1] and (B)∞n=1 ∈
∏
∞
n=1 2
[0,1]. There-
fore, by Corollary 12, the inverse limits lim
←−
{[0, 1], f}∞n=1 and lim←−
{[0, 1], g}∞n=1
are homeomorphic.
Example 14. Let fp,q : [0, 1]→ [0, 1] be a function defined by
fp,q(t) =
{
qt; t ≤ p,
1
1−p
(1− t); t > p,
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0 1
1
a
b
Figure 1: The graph of a skew-tent function.
where 0 < q < p < 1.
0 1
1
p
p
Figure 2: The graph of fp,q.
Then, for all p1, q1, p2, q2 ∈ (0, 1), q1 < p1 and q2 < p2, the inverse limits
lim
←−
{[0, 1], fp1,q1}
∞
n=1 and lim←−
{[0, 1], fp2,q2}
∞
n=1 are homeomorphic since the fol-
lowing holds true. Obviously, A = {0, 1, p1, fp1,q1(p1), f
2
p1,q1
(p1), f
3
p1,q1
(p1), . . .}
and B = {0, 1, p2, fp2,q2(p2), f
2
p2,q2
(p2), . . .} are non-empty closed subsets of
[0, 1] that are both totally disconnected (both, (fnp1,q1(p1)) and (f
n
p2,q2
(p2)) are
strictly decreasing sequences with limn→∞ f
n
p1,q1
(p1) = limn→∞ f
n
p2,q2
(p2) = 0).
It is easy to check that f is quasi Markov with respect to (A,A) and g
is quasi Markov with respect to (B,B). Also, one can easily prove that
12
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{[0, 1], fp1,q1}
∞
n=1 and {[0, 1], fp2,q2}
∞
n=1 follow the same pattern with respect
to (A)∞n=1 ∈
∏
∞
n=1 2
[0,1] and (B)∞n=1 ∈
∏
∞
n=1 2
[0,1]. Therefore, by Corollary 12,
lim←−{[0, 1], fp1,q1}
∞
n=1 and lim←−{[0, 1], fp2,q2}
∞
n=1 are homeomorphic.
Example 15. Let f : [0, 1]→ [0, 1] be the function defined by
f(t) =
{
1
2
t; t > 0,
1; t = 0,
for each t ∈ [0, 1].
Let A = {0, 1, f(1), f 2(1), f 3(1), . . .}. It is easily seen that f is a quasi
Markov functions with respect to (A,A) and that lim
←−
{[0, 1], f}∞n=1 is empty.
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